2-1  3.2  立体几何中的向量方法

夯基达标

1.若直线l的方向向量为a,平面
[image: image1.wmf]a

的法向量为n,则能使l∥
[image: image2.wmf]a

的是(    ) 

A.a=(1,0,0),n=(-2,0,0) 
B.a=(1,3,5),n=(1,0,1) 
C.a=(0,2,1),n=(-1,0,-1) 
D.a=(1,-1,3),n=(0,3,1) 
解析:要使l∥
[image: image3.wmf]a

,

应有
[image: image4.wmf]an

^

,即
[image: image5.wmf]an

×

=0,经计算验证,只有选项D符合. 
答案:D 
2.已知A(1,0,0),B(0,1,0),C(0,0,1),则平面ABC的一个单位法向量是(    ) 
A.
[image: image6.wmf]333
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()
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B.
[image: image7.wmf]333
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C.
[image: image8.wmf]333

333

()

-,,


D.
[image: image9.wmf]333
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解析:
[image: image10.wmf](110)(101)

ABAC
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. 
设平面ABC的一个法向量为n=(x,y,1),则n
[image: image11.wmf]AB

^

uuur

且n
[image: image12.wmf]AC
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uuur

得n
[image: image13.wmf]0

AB

×=

uuur

且n
[image: image14.wmf]0
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×=,

uuur

即 
[image: image15.wmf]0
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 解得x=y=1,∴n=(1,1,1).又∵|n|
[image: image16.wmf]3

=,

∴平面ABC的单位法向量为
[image: image17.wmf]333

333

()

n

n

||

±=±,,,

选项D符合. 
答案:D 
3.在正方体ABCD—
[image: image18.wmf]1111

ABCD

中,若E为
[image: image19.wmf]11

AC

的中点,则直线CE垂直于(    ) 
A.AC
B.BD 
C.
[image: image20.wmf]1

AD


D.
[image: image21.wmf]1

AA

 
解析:建立如图所示的空间直角坐标系,设正方体棱长为1,则
[image: image22.wmf]11

22
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. 
                           [image: image23.png]



∵
[image: image24.wmf]0
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∴
[image: image25.wmf]CEBD
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从而
[image: image26.wmf]CEBD

^

. 
答案:B 
4.若两个不同平面
[image: image27.wmf]ab

,

的法向量分别为u=(2,1,-1),v=(3,2,8),则(    ) 
A.
[image: image28.wmf]a

∥
[image: image29.wmf]b


B.
[image: image30.wmf]ab

^

 
C.
[image: image31.wmf]ab

,

相交不垂直
D.以上均不正确 
解析:∵
[image: image32.wmf]uv

×

=6+2-8=0,∴
[image: image33.wmf]uv

^

. 
∴
[image: image34.wmf]ab

^

. 
答案:B 
5.若平面
[image: image35.wmf]a

的一个法向量n=(2,1,1),直线l的一个方向向量为a=(1,2,3),则l与
[image: image36.wmf]a

所成角的正弦值为        . 
解析:n
[image: image37.wmf]×

a=2+2+3=7, 
∴cos
[image: image38.wmf]<

n,a
[image: image39.wmf]>


[image: image40.wmf]21
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. 
∵直线l与
[image: image41.wmf]a

所成的角与n与a所成的角互余, 
∴l与
[image: image42.wmf]a

所成角的正弦值为
[image: image43.wmf]21

6

. 
答案:
[image: image44.wmf]21

6

 
6.若直线l的方向向量a=(1,2,-2),平面
[image: image45.wmf]a

的法向量n=(-2,3,2),则直线l与平面
[image: image46.wmf]a

的位置关系是        . 
解析:∵
[image: image47.wmf]an

×
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∴
[image: image49.wmf]an

^

. 
∴直线l与平面
[image: image50.wmf]a

的位置关系是l∥
[image: image51.wmf]a

或
[image: image52.wmf]l

a

Ì

.但要注意,不能只写成l∥
[image: image53.wmf]a

,

而忽略
[image: image54.wmf]l

a

Ì

.要判断是否只有l∥
[image: image55.wmf]a

,

还应根据具体的几何图形. 
答案:l∥
[image: image56.wmf]a

或
[image: image57.wmf]l

a

Ì

 
7.在正棱锥P—ABC中,三条侧棱两两互相垂直,G是△PAB的重心,E、F分别为BC、PB上的点,且BE∶EC=PF∶FB=1∶2. 
求证:平面
[image: image58.wmf]GEF

^

平面PBC. 
证法一:如图所示,以三棱锥的顶点P为原点,以PA、PB、PC所在直线分别为x轴、y轴、z轴建立空间直角坐标系. 
                           [image: image59.png]



令PA=PB=PC=3,则 
A(3,0,0)、B(0,3,0)、C(0,0,3)、E(0,2,1)、F(0,1,0)、G(1,1,0)、P(0,0,0). 
于是
[image: image60.wmf](300)(100)

PAFG
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故
[image: image61.wmf]3
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∴PA∥FG. 
而
[image: image62.wmf]PA
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平面PBC, 
∴
[image: image63.wmf]FG

^

平面PBC. 
又
[image: image64.wmf]FG
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平面EFG, 
∴平面
[image: image65.wmf]EFG

^

平面PBC. 
证法二:同证法一,建立空间直角坐标系,则 
E(0,2,1)、F(0,1,0)、G(1,1,0). 
∴
[image: image66.wmf](011)(111)
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. 
设平面EFG的法向量是n=(x,y,z),则有 
n
[image: image67.wmf]EF
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n
[image: image68.wmf]EG
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.∴ 
[image: image69.wmf]0
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令y=1,得z=-1,x=0, 
即n=(0,1,-1). 
而显然
[image: image70.wmf](300)
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是平面PBC的一个法向量. 
这样n
[image: image71.wmf]0
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×=,
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∴n
[image: image72.wmf]PA
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即平面PBC的法向量与平面EFG的法向量互相垂直, 
∴平面
[image: image73.wmf]EFG

^

平面PBC. 
 
能力提升

8.如图,已知平行四边形ABCD和矩形ACEF所在的平面互相垂直,AB=1,AD=2,
[image: image74.wmf]ADC

Ð=

60
[image: image75.wmf]o

,AF=a(a>0),M是线段EF的中点. 
                                  [image: image76.png]



(1)求证:
[image: image77.wmf]ACBF

^

; 
(2)若二面角F-BD-A的大小为60
[image: image78.wmf]o

,求a的值. 
解:由AB
[image: image79.wmf]1260
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, 
易知
[image: image81.wmf]90
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EMBED Equation.DSMT4[image: image82.wmf]o

,即
[image: image83.wmf]DCCA

^

. 
以CD为x轴,CA为y轴,CE为z轴建立空间坐标系, 
(1) 证明:C(0,0,0),D(1,0,0),A(0,
[image: image84.wmf]30)(03)(130)
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EMBED Equation.DSMT4[image: image85.wmf](030)

BF

=,,,

uuur

 =(1,0,a),
                                [image: image86.png]




[image: image87.wmf]DF
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=(-1
[image: image88.wmf]3)
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=0, 
所以
[image: image90.wmf]ACBF

^

. 
(2)平面ABD的法向量n=(0,0,1),平面FBD的法向量m=(x,y,z), 

[image: image91.wmf]0
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 令z=1得m=
[image: image92.wmf]2

3
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[image: image93.wmf]<

m,n
[image: image94.wmf]>

|
[image: image95.wmf]1
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解得
[image: image96.wmf]37
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9.(2011辽宁高考,理18)如图,四边形ABCD为正方形,
[image: image97.wmf]PD

^

平面ABCD,PD∥QA,QA=AB=
[image: image98.wmf]1

2
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. 
                               [image: image99.png]



(1)证明:平面
[image: image100.wmf]PQC

^

平面DCQ; 
(2)求二面角Q-BP-C的余弦值. 
解:如图,以D为坐标原点,线段DA的长为单位长,射线DA为x轴的正半轴建立空间直角坐标系D-xyz. 
                       [image: image101.png]



(1)依题意有Q(1,1,0),C(0,0,1),P(0,2,0),则
[image: image102.wmf]DQ
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=(1,1,0),
[image: image103.wmf]DC

uuur

=(0,0,1),
[image: image104.wmf]PQ

uuur

=(1,-1,0),所以
[image: image105.wmf]PQ
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=0,
[image: image107.wmf]PQ
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 =0. 
即
[image: image109.wmf]PQDQPQDC

^,^

. 
故
[image: image110.wmf]PQ

^

平面DCQ. 
又
[image: image111.wmf]PQ
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平面PQC,所以平面
[image: image112.wmf]PQC

^

平面DCQ. 
(2)依题意有B(1,0,1),
[image: image113.wmf]CB
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=(1,0,0),
[image: image114.wmf]BP
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=(-1,2,-1). 
设n=(x,y,z)是平面PBC的法向量,则
[image: image115.wmf]0

0
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 即 
[image: image116.wmf]0
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因此可取n=(0,-1,-2). 
设m是平面PBQ的法向量,则 
[image: image117.wmf]0
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可取m=(1,1,1),所以cos
[image: image118.wmf]<

m,n
[image: image119.wmf]15
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. 
故二面角Q-BP-C的余弦值为
[image: image120.wmf]15

5
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. 
10.已知棱长为1的正方体
[image: image121.wmf]1

ACE

,

是
[image: image122.wmf]1

CC

的中点,O是对角线
[image: image123.wmf]1

BD

的中点. 
(1)求证:OE是异面直线
[image: image124.wmf]1

CC

和
[image: image125.wmf]1

BD

的公垂线; 
(2)求异面直线
[image: image126.wmf]1

CC

和
[image: image127.wmf]1

BD

的距离. 
解:(1)证明:以D为原点,分别以
[image: image128.wmf]1

DADCDD
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所在的直线为x轴,y轴,z轴,建立空间直角坐标系, 
                             [image: image129.png]



则C(0
[image: image130.wmf]1
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∴
[image: image132.wmf]11
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[image: image135.wmf]11
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∴
[image: image136.wmf]1
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且
[image: image137.wmf]1

OEBD

^

uuuruuuur

. 
故OE是异面直线
[image: image138.wmf]1

CC

和
[image: image139.wmf]1

BD

的公垂线. 
(2)由(1)知OE是异面直线
[image: image140.wmf]1

CC

和
[image: image141.wmf]1

BD

的公垂线,而
[image: image142.wmf]11
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[image: image143.wmf]OE
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[image: image144.wmf]222
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即异面直线
[image: image145.wmf]1

CC

和
[image: image146.wmf]1

BD

的距离为
[image: image147.wmf]2

2

. 
11.四棱锥P—ABCD中
[image: image148.wmf]PA

,^

面ABCD,PA=AB=BC=2,E为PA中点,过E作平行于底面的面EFGH分别与另外三条侧棱交于点F,G,H,已知底面ABCD为直角梯形,AD∥BC,
[image: image149.wmf]AB

^
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. 
                            [image: image152.png]B>




(1)求异面直线AF,所成的角的大小; 
(2)设面APB与面CPD所成的锐二面角的大小为
[image: image153.wmf]q

,

求cos
[image: image154.wmf]q

. 
解:由题意可知,AP、AD、AB两两垂直,以A为坐标原点,以AB、AD、AP所在直线为x轴、y轴、z轴建立空间直角坐标系A—xyz(图略),由平面几何知识知:AD=4,D(0,4,0),B(2,0,0),C(2,2,0),P(0,0,2),E(0,0,1),F(1,0,1),G(1,1,1). 

[image: image155.wmf](1)(101)(111)
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∴
[image: image156.wmf]0
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.∴AF与BG所成的角为90
[image: image157.wmf]o

. 
(2)可证明
[image: image158.wmf]AD

^

平面APB,平面APB的法向量为n=(0,1,0),设平面CPD的法向量为m=(1,y,z), 
由 
[image: image159.wmf]0
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[image: image160.wmf]Þ

 
[image: image161.wmf]1
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 ∴m=(1,1,2). 
∴cos
[image: image162.wmf]<

m,n
[image: image163.wmf]6
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即cos
[image: image164.wmf]6
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. 
拓展探究

12.已知M为长方体
[image: image165.wmf]1

AC

的棱BC的中点,点P在长方体
[image: image166.wmf]1

AC

的面
[image: image167.wmf]11

CCDD

内,且PM∥平面
[image: image168.wmf]11

BBDD

,

试探讨点P的确切位置. 
解:以DA、DC、
[image: image169.wmf]1

DD

所在的直线为x、y、z轴, 
如图建立空间直角坐标系,
                              [image: image170.png]


 
设DA
[image: image171.wmf]1

aDCbDDc
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. 
根据题意可设A(a,0,0),B(a,b,0),
[image: image172.wmf]1
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P(0,y,z), 
则
[image: image173.wmf]1
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又PM∥面
[image: image174.wmf]11
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根据空间向量基本定理,必存在实数对(m,n), 
使得
[image: image175.wmf]PM
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即
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[image: image180.wmf]Û
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则点
[image: image182.wmf]2
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b
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.
∴点P在面
[image: image183.wmf]11

DCCD

的DC的中垂线EF上. 
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