2014年华约自主招生数学试题
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是正整数,任取四个其和组成的集合为{44,45,46,47},求这五个数.

2.乒乓球比赛,五局三胜制.任一局甲胜的概率是[image: image2.wmf]1
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华约参考答案:

1.【解】五个数任取四个应该可以得到[image: image31.wmf]4
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个不同的和,现条件中只有4个不同的和,故必有两个和值相同.而这五个和值之和为[image: image32.wmf]12345
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,故这五个数分别为57-44=13,57-45=12,57-46=11,57-47=10,57-46=11,即10,11,11,12,13.

2.【解】若共比赛了3局,则甲赢得比赛的概率为[image: image34.wmf]3
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  消去[image: image72.wmf]b

得[image: image73.wmf]2

240

aa

+-=

,解得[image: image74.wmf]15(0,1)

a

=-±Ï

,舍去.

综上①②可知,[image: image75.wmf]5

,1

4

ab

==-

为所求.

4.【解】(1)证明:由反函数定义可知[image: image76.wmf](())

yfgx

=

的反函数为[image: image77.wmf](())

xfgy

=

,故

  [image: image78.wmf]11

()((()))()

fxffgygy

--

==

,从而[image: image79.wmf]111

(())(())

gfxggyy

---

==

,

  所以[image: image80.wmf]11

(())

ygfx

--

=

为[image: image81.wmf](())

yfgx

=

的反函数.

(2)由[image: image82.wmf]()

Gx

的反函数是[image: image83.wmf]()

Fx

,故[image: image84.wmf]1

(())(())

GFxGGxx

-

==

,

  则[image: image85.wmf]()((())),

fxfGFx

=

又因为[image: image86.wmf]1

()()

Gxfx

-

=

,所以[image: image87.wmf]1

(())(())

GFxfFx

-

=-

,

  代入得[image: image88.wmf]1

()((())),((()))()()

fxfGFxffFxFxfx

-

==-=-=--

,所以[image: image89.wmf]()

fx

为奇函数.

5.【解】设[image: image90.wmf](cos,sin)([0,2))

Mab

qqqp

Î

,直线[image: image91.wmf]PQ

为点[image: image92.wmf]M

关于圆[image: image93.wmf]222

xyb

+=

的切点弦,其方程为[image: image94.wmf]2

(cos)(sin)

axbyb

qq

+=

,从而[image: image95.wmf]2

,

cossin

EF

bb

xy

a

qq

==

,

  于是[image: image96.wmf]33

1

||||

2|sin2|

EOFEF

bb

Sxx

aa

q

D

=×=³

,

  当且仅当[image: image97.wmf]22

(,)

22

Mab

±±

时,上述等号成立.

6.【解】(1)当[image: image98.wmf]1

q

=

时,[image: image99.wmf]1

n

nn

aanp

+

-=

,则[image: image100.wmf]1

1

(1)(2)

n

nn

aanpn

-

-

-=-³


  由累加法得[image: image101.wmf]112211

(2)

nnnnn

aaaaaaaan

---

=-+-++-+³

L

,

  即[image: image102.wmf]231

23(1)(2)

n

n

apppnpn

-

=++++-³

L

……(1)
①当[image: image103.wmf]1

p

=

时,[image: image104.wmf](1)

;

2

n

nn

a

-

=

当[image: image105.wmf]1

n

=

时,[image: image106.wmf]1

0

a

=

也适合;

②当[image: image107.wmf]1

p

¹

时,[image: image108.wmf]23

2(1)

n

n

pappnp

=+++-

L

……(2)

  由(1)-(2)得[image: image109.wmf]231

(1)

nn

nn

apappppnp

-

-=++++--

L

,

  所以[image: image110.wmf]1

1

2

(1)

(1)

(1)

1

1(1)

n

n

nn

n

pp

np

npnpp

p

a

pp

-

+

-

--

--+

-

==

--

,当[image: image111.wmf]1

n

=

时,[image: image112.wmf]1

0

a

=

也适合;

  于是[image: image113.wmf]1

2

(1)

1

2

(1)

1

(1)

nn

n

nn

p

a

npnpp

p

p

+

-

ì

=

ï

ï

=

í

--+

ï

¹

ï

-

î

.
(2)由[image: image114.wmf]1

||||||||||||

nnn

nnnn

anpqanpqanpa

+

=+£+£+

,所以[image: image115.wmf]1

||||||

n

nn

aanp

+

-£

,

于是[image: image116.wmf]1

1

||||1)||(2)

n

nn

aanpn

-

-

-£(-³


  由累加法得[image: image117.wmf]112211

(2)

nnnnn

aaaaaaaan

---

=-+-++-+³

L


  故[image: image118.wmf]1

21

2

(1)||||||

||||2||(1)||

(1||)

nn

n

n

npnpp

appnp

p

+

-

--+

£+++-=

-

L

,

  而[image: image119.wmf]1

(1)||||(1)||||||0

nnnn

npnpnpnpp

+

--£--=-<

,

  于是当[image: image120.wmf]2

n

³

时,有[image: image121.wmf]2

||

||

(1||)

n

p

a

p

<

-

,显然[image: image122.wmf]1

0

a

=

也成立.

  于是[image: image123.wmf]n

a

有上界.

7.【证明】原不等式等价于[image: image124.wmf]2

((1))

x

n

n

x

nxne

n

-£-×

.

  当[image: image125.wmf]2

xn

³

,上述不等式左边非正,不等式成立;
  当[image: image126.wmf]2

xn

<

时,由[image: image127.wmf]1(0)

y

eyy

³+³

及贝努力不等式[image: image128.wmf](1)1(1,1)

n

ynyny

+³+³>-

,

  从而[image: image129.wmf]22

2

22

((1))((1)(1))(1)(1)

x

nnn

n

xxxxx

nennnnnx

nnnnn

-×³-×+=-³-×=-

,即证.
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